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Ultrafilters

A collection F C P(w) is a filter if
e weF,
o If Ac F and AC B then B € F,
o If A,Be Fthen ANB e F
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Ultrafilters

A collection F C P(w) is a filter if
e weF,
o If Aec Fand AC B then B€ F,
o If A,Be Fthen ANB e F
@ w\ neF forevery n € w.
A filter F is an ultrafilter if it is maximal or, equivalently,
o ifw=AUBthen Ac ForbecF.

(We shall denote ultrafilters by p or g, possibly with indices.)
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Alfred Tarski (1901-1983)




Special ultrafilters

Let p be an ultrafilter on w. Then p is
@ P-point (Rudin '56)
Vf ew® 3U € p (f | U is constant or fin-to-one),
@ Q-point (Choquet ‘68)
Vf € w” fin-to-one U € p (f | U is one-to-one),
o selective (Choquet '68)
Vf ew® 3U € p (f | U is constant or one-to-one),
@ Hausdorff (Daguenet-Teissier '79)
Vi,gew’ U ep(fIU=g| Uor flUNg[U]=0).
Facts:
@ p is selective iff it is both a P-point and a Q-point.
@ (Shelah ‘80) Consistently P-points do not exist.
o (Miller '80) Consistently Q-points do not exist.

Open questions

o (Miller) Is it consistent that neither P-points nor Q-points exist?
o (Di Nasso-Forti) Do Hausdorff ultrafilters exist in ZFC?

M. Hrusak Ultrapowers in topology



Ultrapowers of algebraic structures

(Skolem ‘35, Hewitt ‘48, Los '55)

Given a group (G, o) and an ultrafilter p € w*
ulty(G) = (G¥/ =p) where f =, g iff {n: f(n) = g(n)} € p.
@ endowed with the pointwise operation(s),

@ having (a copy of) G as a subgroup (via constant functions), and

@ to0$’s Theorem

ulty(G) = @([fo], - -, [fa)]) iff {j - G |= o(Ro()), - - falh)) € p-
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Versions of topological compactness

Given an ultrafilter p on w, a sequence {x, : n € w} and a point x
contained in a topological space X we say that

x = p-limx,

if {n € w:x, € U} € p for every neighbourhood U C X of x.

Definition

Let X be a topological space and let p be a free ultrafilter p on w.

e X is compact (Alexandroff-Urysohn ‘29) if every open cover of X
has a finite subcover.

e X is p-compact (Bernstein ‘70) if for every sequence
{xn : n € w} C X there is a point x € X such that x = p-lim x,.

e X is countably compact (Fréchet ‘28) if every countable open cover
of X has a finite subcover (iff every infinite set has an accumulation
point),

e X is pseudo-compact (Hewitt ‘48) if every continuous function
f: X — R is bounded.

4
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Versions of compactness and products

@ (Tychonoff '30/'35) Any product of compact spaces is compact.
o (Bernstein '70) Any product of p-compact spaces is p-compact.

o (Teresaka ‘52, Novédk '53) There are countably compact spaces
whose square is not even pseudo-compact.
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Versions of compactness and products

@ (Tychonoff '30/'35) Any product of compact spaces is compact.

o (Bernstein '70) Any product of p-compact spaces is p-compact.

o (Teresaka ‘52, Novdk '53) There are countably compact spaces
whose square is not even pseudo-compact.

@ (Comfort-Ross ‘66) Any product of pseudo-compact topological
groups is pseudocompact.

Problem (Comfort ‘66)
Are there countably compact groups G, H such that G x H is not
countably compact?
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Comfort’s problem - consistent solutions

Problem (Comfort ‘66)

Are there countably compact groups G, H such that G x H is not
countably compact?

@ (van Douwen '80) (MA) There are two countably compact
subgroups whose product is not countably compact.

e (van Mill-Hart ‘91) (MA ) There is a countably compact group
whose square is not countably compact.

o (Tomita ‘99) (MA ) There is a group whose square is countably
compact but the cube is not.
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Comfort’s problem - consistent solutions

Problem (Comfort ‘66)

Are there countably compact groups G, H such that G x H is not
countably compact?

@ (van Douwen '80) (MA) There are two countably compact
subgroups whose product is not countably compact.

e (van Mill-Hart ‘91) (MA ) There is a countably compact group
whose square is not countably compact.

o (Tomita ‘99) (MA ) There is a group whose square is countably
compact but the cube is not.

@ (van Douwen ‘80) Every boolean countably compact group without
(non-trivial) convergent sequences contains two countably compact
subgroups whose product is not countably compact.

e (Hajnal-Juhdsz ‘76) (CH) There is a boolean countably compact
group without convergent sequences.
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Erick Karel van Douwen (1946-1987)
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van Douwen’s problem - consistent solutions

Problem (van Douwen ‘80)

Is there countably compact group without non-trivial convergent
sequences?

o (Kuz'minov ‘58) Every compact topological group contains a
convergent sequence.

e (Hajnal-Juhdsz ‘76) Yes assuming CH.

@ (van Douwen '80) Yes assuming MA.

o (Tomita ) Yes assuming MA p/e.

° ...

o (Garcia-Ferreira, Tomita, Watson ‘05) Yes assuming the existence of
a selective ultrafilter, in fact, then there is a p-compact group.

o (Szeptycki, Tomita ‘09) Yes in the random real model.

All of these constructions describe subgroups of 2°¢.
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Main result

Theorem (H.—van Mill-Ramos-Garcia—Shelah 2019)

There is a countably compact boolean group (subgroup of 2¢) without
convergent sequences (in ZFC).
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Ultrapowers of topological spaces

Given a topological space (X, 7) and an ultrafilter p € w* let
ulty(X) = (X*/ =p,) where f =, g iff {n: f(n) = g(n)} € p.

endowed it with the topology which has as a basis the collection
{U*: U € B}, where

U* ={[f] € ulty(X) : {n: f(n) € U} € p}

for some basis B of 7.

The ultrapower with this topology is usually not Hausdorff (example
later), so we identify the inseparable functions and denote by Ult,(X)
this quotient.
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Iterated ultrapowers of topological spaces

Note that X is a dense subset of Ult(X) and every sequence in X has a
p-limit in Ulty(X).

The process can, of course be iterated:

Given a space X, ultrafilter p € w* and a < wy let

Ultg (X) = Ulty( | ) Urg (X))

B<a

and finally
Ul (x) = | J uif(x

B<w
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Limit or colimit?
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Iterated ultrapowers of topological spaces

o Ulty(X) = Ultpa(X) for a < wy,
o Ulty*(X) is p-compact, and
e If X is p-compact then X = Ult;"(X).
(in particular, all iterations beyond w; do not produce new spaces).
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The plan

There is a countably compact boolean group (subgroup of 2°) without
convergent sequences (in ZFC).

Find a suitable topological group G without convergent sequences and
consider Ulty*(G).

Then Ult;*(G) is a p-compact space and a group.
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The plan

There is a countably compact boolean group (subgroup of 2°) without
convergent sequences (in ZFC).

Find a suitable topological group G without convergent sequences and
consider Ulty*(G).

Then Ult;*(G) is a p-compact space and a group.

There are two problems to solve:
o Is Ulty*(G) with the ultraproduct topology a topological group?

o Does Ulty*(G) have convergent sequences?
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Harald August Bohr (1887-1951) - wikipedia

Harald August Bohr (22 April 1887 22 January 1951) was a Danish
mathematician and footballer. After receiving his doctorate in 1910,
Bohr became an eminent mathematician, founding the field of almost
periodic functions on which he published a comprehensive survey in the
period from 1954 to 1974 with the help of his son-in-law, mathematician
Erling Fglner. His brother was the Nobel Prize-winning physicist Niels
Bohr. He was a member of the Danish national football team for the
1908 Summer Olympics, where he won a silver medal.

M. Hrusak Ultrapowers in topology



Bohr topology on [w]<¥

Let
Hom([w]=) = {® : & is a group homomorphism from [w]<* to 2}

and let 7o, be the Bohr topology, i.e. the weakest topology making all
® € Hom([w]<*“) continuous.

o ([w]=“, THom) is homeomorphic to a countable dense subgroup of 2¢
without convergent sequences.
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André Weil (1906-1998)




Extensions of homomorphisms to ultrapowers

Uty ([w] <) is a p-compact topological group for every p in w*.

Every & € Hom([w]<“) naturally extends to a homomorphism
® € Hom(Ult,([w]<“)) by letting

B([f],) = i iff {k: d(F(k)) = i} € p.

The ultrapower topology is the topology induced by
{®: ® € Hom([w]<¥)} on Ulty([w]<¥).

Similarly, the utrapower topology on Ulty* ([w]<*) is the topology T ;.-
induced by the homomorphisms in Hom([w]<*) extended recursively all
the way to Ult;"([w]<*) by the same formula as before:

®([f]) =i if and only if {k : ®(f(k)) =i} € p.
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The plan works ... for selective ultrafilters

Proposition (H.—van Mill-Ramos-Garcia—Shelah 2019)

p is selective iff for every {f, : n € w} of functions f, : w — [w]<¥ which
are not constant or equal on an element of p, there is a sequence
{U, : n € w} C p such that the sequence

{fa(m):n€wand me U,}

is linearly independent.

Corollary (H.—van Mill-Ramos-Garcia-Shelah 2019)

If p is selective then Ulty"([w]<“) is a p-compact topological group
without convergent sequences.
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The plan works ... for selective ultrafilters

Proposition (H.—van Mill-Ramos-Garcia—Shelah 2019)

p is selective iff for every {f, : n € w} of functions f, : w — [w]<¥ which
are not constant or equal on an element of p, there is a sequence
{U, : n € w} C p such that the sequence

{fa(m):n€wand me U,}

is linearly independent.

Corollary (H.—van Mill-Ramos-Garcia-Shelah 2019)

If p is selective then Ulty"([w]<“) is a p-compact topological group
without convergent sequences.

Proposition (H.—van Mill-Ramos-Garcia—Shelah 2019)

There is an ultrafilter p € w* such that Ult;*([w]<) contains a
convergent sequence.
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Between Hausdorff and selective

o (Di Nasso-Forti) p is Hausdorff iff ult,(Z,P(w)) is Hausdorff

o (Di Nasso-Forti) p? is never Hausdorff.
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Between Hausdorff and selective

o (Di Nasso-Forti) p is Hausdorff iff ult,(Z,P(w)) is Hausdorff
e (Di Nasso-Forti) p? is never Hausdorff.
Given an ultrafilter p € w* onsider the following two player game :
I | w=Upeyh lo = UL h = 1001}
1l ‘ ng € 2 ng €2
Player Il wins if |J

icw " € p, otherwise Player | wins.
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Between Hausdorff and selective

o (Di Nasso-Forti) p is Hausdorff iff ult,(Z,P(w)) is Hausdorff
e (Di Nasso-Forti) p? is never Hausdorff.
Given an ultrafilter p € w* onsider the following two player game :
I | w=U,eyh o= 1801 I = 1001}
1l ‘ ng € 2 ng €2
Player Il wins if |J

@ selective = [ has a w.s. = [l does not have a w.s. =
= ult,([w]<*) is Hausdorff = p is Hausdorff.

icw " € p, otherwise Player | wins.

@ Assuming CH no arrow reverses.

Is there an ultrafilter p such that / has a w.s.? /I does not have a w.s.?
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The same ... yet different

Lemma (H.—van Mill-Ramos-Garcia—Shelah 2019)

There is a familly {p, : @ < ¢} C w* such that for every D € [c] and
every sequence {f, : @ € D} C ([w]<¥)“ of one-to-one enumerations of
linearly independent sets there are {U, : « € D} such that

Q@ YVae D U, € p,, and
Q {fu(n):a €D & ne U,} is a linearly independent subset of [w]<“.

Construct a countably compact topology on [¢]<“ starting from
([w]=“, THom) as follows: Fix a family {f, : w < a < ¢} C ([(]<¥)¥ s, t.
@ for every infinite X C [¢]<¥ there is an « < wy with rg(f,) C X,
@ Each f, is a one-to-one enumeration of a linearly independent set,

and
@ for every a < wy rng(fy) C [a]<¥.
For every ® € Hom([w]<“) define its extension ® € Hom([c]<)
recursively by putting

®({a}) = pa-lim £,(n).
with the topology 7 7z induced by {® : ® € Hom([w]<“)} on [¢]<“.



The same ... yet different

Call a set D € [¢]“ suitably closed if w C D and |
every a € D.

fo(n) C D for

new

Proposition

The topology T - contains no non-trivial convergent sequences if and
only if
VD € [¢]“ suitably closed VX € [D]* 3¥ € Hom([D]<*) such that

Q Va e D V({a}) = pa-lim fy(n)
Q@ [ XN Ker(W)] =X\ Ker(V)| = w.

Now, if this happens (and it does by our choice of the ultrafilters) then,
in particular,

K= (] Ker(®)

deHom([w]<«)

is finite, and [¢]<“/K with the quotient topology is the Hausdorff
countably compact group without non-trivial convergent sequences we
want.
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Final remarks and questions

For every n € w there is a group G such that G” is countably compact
while G"*1 is not.
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Final remarks and questions

For every n € w there is a group G such that G” is countably compact
while G"*1 is not.

(1) Is there a countably compact group G without convergent sequences
which is not a torsion group, i.e contains a copy of Z?

(2) (Wallace '55) Is every countably compact semigroup with both-sided
cancellation a topological group?

Yes to (1) = Yes to (2).
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Final remarks and questions

For every n € w there is a group G such that G” is countably compact
while G"*1 is not.

(1) Is there a countably compact group G without convergent sequences
which is not a torsion group, i.e contains a copy of Z?

(2) (Wallace '55) Is every countably compact semigroup with both-sided
cancellation a topological group?

Yes to (1) = Yes to (2).

Is it consistent that every p-compact group contains a non-trivil
convergent sequence?
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Thank you for your attention!
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